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We provide sufficient conditions for a sequence of positive linear approximation
operators, L,(f, x), converging to f(x) from above to imply the convexity of f. We
show that, for the convolution operators of Feller type, K,(f, x), generated by a
sequence of iid random variables taking values in an interval /, having a finite
moment generating function, the inequalities K,(f, x)> f(x) (xel n>1) are
necessary and sufficient conditions for f'to be convex. This provides a converse of
a well-known result of R. A. Khan (Acta. Math. Acad. Sci. Hungar. 39 (1980),
193-203). It contains, as a special case, the corresponding result for the Bernstein
polynomials and extends two results obtained for bounded continuous functions by
Horova for Szasz and Baskakov operators. As examples, similar results are also
provided for the beta, Meyer-Konig Zeller, Picard, and Bleiman, Butzer, and Hahn
operators.  © 1998 Academic Press

1. INTRODUCTION

Let / be an interval and, for each xel, let {u, .,n=1,2,..} be a
sequence of finite measures concentrating on 1. Let g(z) be a non-negative
continuous function increasing to infinity as t— +oco. We define D (/) to
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be the linear space of continuous functions over 7 so that f'e D (/) if and
only if for each a >0

/()]

up =
g(1)
tel e

<0

When [ is unbounded we assume that g grows faster than log(|z]+ 1) to
avoid trivialities. For all our applications g(¢) will grow at least as |¢].
When g(¢) = |t|, we will denote D (1) by D(I). Throughout we will assume
that for some given fixed g, each f € D ([) is integrable with respect to each
U, >»n=1,2, .., xel and denote the integral by

Lfx)=] S (d), n=1.2.c xel

In the next section we provide conditions under which L,(f, x) > f(x) for
all n>1 and each x e implies that f is convex.

An important special case of the above sequence of positive linear
operators which reproduce constant functions can be stated using probabil-
ity distributions. Let M, be a sequence of positive linear approximation
operators of the type

M,(f, %)= Ef(T, )= f(dG, ()7 n=1.2 .,

1

where the random variables 7, ., taking values in the interval /, have
respective distributions G, ., provided E |f(T, )| < oo for each xe/l and
n=1,2,.. and feD,(I). This class contains, besides the following large
group of convolution operators, the beta, Bleiman, Butzer, and Hahn,
Meyer-Konig Zeller, Picard, and many other classical operators.

A further special case of M, is obtained when T, = (X, .+
X, .+ -+ +X, )/n where X;  are iid random variables taking values in 1.
The resulting sequence of operators will be called the convolution
operators (of Feller type) due to the fact that the distribution G, . is a
scaled version of the convolution of the individual distributions of X; .,
i=1,2,..n We will denote the resulting sequence of operators by K,,.

For a number of positive linear approximation operators of the type M,,,
it is known that for convex functions the convergence is monotone from
above. For this result, the reader may see [1, 3, 4, 12, 14, 16, 18] and a
list of further references in these papers. In particular, [14] gave a
probabilistic method of showing that, under the condition of existence of
first moment, K, have to be monotone from above for convex functions. A
different proof of this result and some modifications were recently provided

by [13].



24 KHAN, DELLA VECCHIA, AND FASSIH

In this paper we will provide some converse results along the lines of
[18]. However, our main difference is that we do not assume that L, is
defined over a compact interval nor do we necessarily assume that L,
reproduce constant and linear functions. We will provide a number of
examples of operators of the type M, as special cases. Somewhat as a con-
verse of the result of R. A. Khan for K,,, we prove that the existence of the
moment generating function (mgf) of X, ., having mean x, positive
variance, and K,(f, x) = f(x) (xel,n>1) implies that f must be convex
over I. As further special cases, this result contains two well-known results
for the Bernstein operator [ 15, 17] and extensions of the results in [9, 10]
for Baskakov and Szasz operators and a few results in [18].

2. MONOTONICITY OF FUNCTIONALS

For the operator L,(f, x) as defined in the Introduction we will use the
notation

7, (0)= U, (dt); n=12..; 0>0.

J{t: |t —x| =6}

THEOREM 1. Let L,(f, x) be the sequence of positive linear operators as
defined in the Introduction so that L,(f, x)— f(x) for each x el and each
feD,I). Let L, reproduce the functions f(t)=1 and f(t)=t. Let for each
x in the interior of I and any 6 >0 there exist 0 <0d,(x) <d,(x)<J and a
constant v=v(d,,0,,x)€(0,1) and positive integers n;=n;(d,, 95, x),
n;<n;,, such that

Tnl-,x(él)>rni,x(52); l= 19 2a eeey (11)
(Tn,x(52))v:O(Tn,x(él)); as n:ni_) 0. (12)

Then for any f € D (1), the inequalities L,(f, x) = f(x); xel,n=1, 2, .. hold
if and only if f is convex over I. When I is compact, we may take v=1 and

replace (1.2) with

7, :(02) =0(1, \(d))  as n=n; - . (1.3)

Proof. 1If fis not convex then (cf. [ 15]) there exist an element x in the
interior of 7, an interval (x —J, x +J) =1, and a line /(¢) such that

f(x)=4(x), f(1)< /() forall te(x—d, x+0)\{x}.



MONOTONICITY OF OPERATORS 25

Extend 7 over I. Now select 0 <J, <d, < so that the conditions of the
theorem hold and define

A:={tel:|t—x|>0,},B:={tel:,<|t—x|<d,},
C:={tel:|t—x|<d,}.

Let y, be the characteristic function of the set 4 and let L, (f—7, x)=
U,+V,+ W,, where

Un::Ln((f_/)XA»x)7 Vn::Ln((f_/)XB’x)’ Wn::Ln((f_/)XC’ x)'

Clearly, both V,, and W, are non-positive terms. Over the closure of the set
B, /(t)— f(¢t) attains its minimum value, say m, where m >0 and gives

Vol =L,(({ =) xp>X) =mL, (x5, X)-

Using g =1/v(d,, J,, x) and 1/p + 1/¢ =1, the Holder inequality provides

1/p
([ 10 =20 ) (L)'

= 0(1)(Ly (.40 %))+,

Now condition (1.1) gives {n,}, n,=n;(d,, J,, x), so that L, (x5, x)>0 for
all i. For n=n;, we have

:Ln(%{h‘fx\ >0,}0 X) < (T}1,x(52))17V (Tn, .\‘(52))V

< - 0.
er(){{ltf)JI?él})x) T, (1)

a,:

Therefore, for n=n;, we have

Ul _o() {Lulzas ¥} o(1) {702}

|Vn| m LM(XB’ x) _m(l_an) Tn,x(él)

Hence, for some sufficiently large value of n=n,,

(Note that we have used the reproduction of linear functions only at the
above step.) This contradiction gives the first part of the theorem. When [
is compact, the same argument of the proof goes through, except that now
D (I)=C(I) and let M be a bound of /. Then over n=n,,

|Un| <M{Ln(XA9x)} — M Tn,x(52) —>O

|Vn| = ML}T(XBJ x) m(l_an) Tn,x(él)
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Conversely, if f'is convex then Jensen’s inequality gives that L,(f, x) = f(x)
for all n>1 and each x eI This finishes the proof. |

The following extension is needed when proving the converse results for
those operators which do not reproduce the function f(¢)=1.

THEOREM 1(a). Let L,(f, x) be the sequence of positive linear operators
as defined in the Introduction. Let b,(x)= L,(t, x)—x, which need not be
zero. For each x in the interior of I and any 6 >0 let there exist 0 < ¢(x) <
0,(x)<0d,(x) <0 and a constant v=v(d,, d,, x) € (0, 1) and positive integers
n;=n;0,,0,, x), n;<n; ., such that conditions (1.2) and (1.1) hold and

7’-ni, x(c) >Tn1-, .\’(51)’ bn(x)=0(Tn,v,x(c)_rni,x(5l)) as nzni — 0.

Then for any fe D(I), L,(f,x)= f(x),xelLn=1,2, ... imply that f is convex
over I. When I is compact, we may again take v=1 and replace (1.2) by (1.3).

Proof. The argument of the proof of Theorem 1 gives that for all large
n= nia

U, +V,+W,=L,(f,x)—f(x)+b,(x)<0.

We need to show that W,—b,(x) <0 for large n =n;. The only extra step
that needs to be added in the proof of Theorem 1 is that

1DA(x) _ |5,(x)]
| Wn | = S{Tn,x(x) - Tn, x(gl)}

where 0<ys is the minimum of /(¢#)—f(¢) over the set {7:c(x)<
lt—x]<d,(x)}. 1

Remark. 1t is now clear how we can further split the W, term in the
proof of Theorem 1 to accommodate those operators which do not
reproduce even the constant functions. We omit the details, however. The
above results are modifications of those of Ziegler [18]. Although his
results were applicable to generalized convexity, the two main restrictions
were that the interval 7 was assumed to be compact and that L, were
assumed to reproduce the first two polynomials of an extended Chebyshev
system. To see a negative result, the reader is referred to [11].

- 0; for n=n, > oo,

3. CONVOLUTION OPERATORS (FELLER TYPE)

In 1980, R. A. Khan showed that for the convolution operator K,( f, x),
the convexity of fimplies that K, (f, x) = f(x). We now provide a result in
the opposite direction. For this we will need the following lemma.
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LeEmMMA 1. Let X be a non-degenerate random variable taking values
in an interval I, having finite mgf #(0) with mean x. If gs0)=
(x+0)0—1log ¢(0) then there exists a d > 0 so that for any choice of constants
0<9,<0,<9, we have g5 (7(9,)) < g;,(7(0,)), where 0% =y(d) is a unique
solution of the equation ¢'(0)=¢(0)(x + J). Furthermore, 0* is the point of
maxima of g50).

Proof. Since X is non-degenerate, it is straightforward to show that
¢'(0)/$(0) is a strictly increasing function of # in a small enough interval
[0, u]. Therefore, we can find a d > 0, sufficiently small so that there exists
a unique 0 =y(d) so that ¢'(0) = P(0)(x + ), and 0 <y(d) <u <e. Further-
more, y(¢) is a strictly increasing function of # € (0, ¢'(u)/¢(u)). The function

25(0):=(x+3)0—log ¢#(0); 0<f<u

is strictly concave over 0 <0 <u and the value y(d) is the unique point of
maxima of gs(0) over [0, u]. For any choice of 0 <9, <, <9,

ga‘l(V(él)) <(x+0,) (d;) —log #(y(d,)) = g($2(y(51))
< (x+95) (6,) —log (7(6,)) = &s, = géz(V(éz))'

That is, the constants g, (9,)) are increasing with i=1,2. |

THEOREM 2. Let K,(f, x) be the convolution operators (of Feller type) so
that, K,(f, x)— f(x) for each feD,I) and each xel. For each x in the
interior of I, let X, . have finite mgf, E(X, .)=x and Var(X, .)>0. For
any f'e D,(I), the following statements are equivalent:

(1) fis convex
(2) K(fix)ZK,1(f,x) (xel,n=1),
(3) K,(f;x)=[f(x) (xel,n=1).

Proof. The result of R. A. Khan [ 14] implies that (1) implies (2). By
the given hypothesis, (2) implies (3). To show that (3) implies (1), we will
show that K, satisfy the conditions of Theorem 1. Let x be a point in the
interior of 1. By two applications of Lemma 1 (one for X, . and the other
for Y= —X, ,), we may select an ¢> 0 sufficiently small so that for any
choice of 0<d,<d,<e we have g;(7(d,)) < gs,(7(d,)) and for hs0)=
(y+0)0—log y(0), we have hs (u(d,)) <h;(1(9,)), where p(9) is the solu-
tion of the equation

Y'(0) _ —¢'(=0)

- = x4+
w0 e—o T
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By the rate of convergence in the law of large numbers (see, for instance,
[5, 6]) for any 0 <J, <g,

P(S,Zn(x+0,))~exp{ —ng; (7(6,))}.

Hence, for any 0 <0, <J,<¢ and all large values of n, 7, . (0,)>7, .(J,).
Take

1<q<mm{ 2,(7(02)) s (/‘(52))}

85,(1(01)) hs (u(6,)))”
and let v=1v(Jd,, J,, x) = 1/q. By using the rate of convergence in the law of

large numbers once again, for all large values of n, we have

{7, «(02)}" {PSn>nx+5 )PV AP(—S,=n(—x+3d,))} "

a0 S P(S,saxto)) T PSS, ea—xto) O

This finishes the proof. ||

To avoid the assumption K,(f, x) — f(x) in Theorem 2, we may restrict
g(t)=1t|]. In this case for any feD(I), the Lebesgue dominated con-
vergence theorem gives that K,(f, x) — f(x) for each xel. This gives the
following corollary.

COROLLARY 1. Let K,(f, x) be the convolution operators (of Feller type)
so that, for each x in the interior of I, X, . has finite mgf, E(X, .)=x and
Var(X, ) >0. Over the space D(I), the following statements are equivalent:

(1) fis convex,
(2) K(f.x)ZK, ([, x) (xeln=]),
(3) K.(f.x)=f(x) (xel,nz=1).

ExampLE 1. Ifwe take P(X, ,=1)=x=1—-P(X, .=0), for xe[0, 1],
in Corollary 1, then K,(f, x) reduces to the usual Bernstein polynomials
and gives the results in [ 15, 17, 18].

ExampLE 2. Let P(X, .= j)=exp(—x)x//j!;j=0,1,2,.. and x>0.
Now K, (f, x) reduces to the Szasz operator. Horova [10] provided the
converse result for the Szasz operators under the assumption that f is
bounded. Theorem 2 shows that the converse result of convexity holds for
a more general class of functions D(7). In fact, it is known (cf. [8]) that
the Szasz operators can approximate functions lying in the larger space
D, (I), where g(¢)=1tIn(t+ 1) for 1€ [0, cv). Hence Theorem 2 is applicable
over this space.
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ExampLE 3. Let P(X, .=j)=(14+x)"'x/(14+x)/;j=0,1,2,.. and
x>0. For this case the convolution operator reduces to the Baskakov
operator. Corollary 1 shows that the converse convexity result holds for
any fe D(I). This extends a result of Horova [9] over a larger class of
functions.

ExampLE 4. For x>0, the Gamma operator is defined as

xfﬂ

Gt = [T ()t =t

This operator is generated by an iid sequence of exponential random
variables with parameter 1/x. Corollary 1 applies in this case.

ExaMpLE 5. Let X, , have probability density function defined over
I=(—o0, 0) by

fr ) =/12»n exp (=5 (=P

where x € I. By a change of variable we see that the Weierstrass operator

AVRENC f<x+Z> exp( — (nu?)/2) du

is also a special case of K,,. Note that 7, approximates functions lying in
D (R) where g(¢) = > and Theorem 2 is apphcable. This result was directly
proved in [18].

ExaMPLE 6. If we take Y, G taking values in [0,5],5>1 with
E(Y,)=1 and Var(Y,) >0, then for any f € [0, 1], Ziegler [ 18] considered

the operator
U fox) = B (=) (e,

n

where X, . =xY,,xe[0,1] and E(X,,)=x and Var(X, )=x>
Var(Y,;)>0 for x> 0. Corollary 1 now gives a result of Ziegler. Similarly,
some other results of Ziegler can be directly deduced from Corollary 1 by
this approach.

Theorem 2 does not apply directly to non-Feller operators. In the follow-
ing we present a few applications of Theorems 1 and 1(a).
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4. MONOTONICITY OF BETA OPERATORS

When /=[0, 1], the beta operator is defined by

anfl(l _ Z)n(lfx)fl

dt; n=1,2,

B.(f, x) =£J /) B(nx, n(1 —x)) 3

e(0,1),

where B(a, b) is the beta function. When x =0 or 1, then B,(f, x) :=f(x)
for all n.

THEOREM 3. Qver the space C[0, 1] the following statements are equiv-
alent:
(1) fis convex,
(2) B,(f.x)=B, . \(f, x) for each n=1 and each x€[0, 1],
(3) B,(f.x)=f(x) for each n=1 and each xe[0, 1].
Proof. 1t was conjectured in [12] that (1) implies (2). This conjecture
was recently proved by Adell et al. [1]. And that (2) implies (3) is trivial.
To prove that (3) implies (1), we need only check the conditions of

Theorem 1. Let xe (0, 1) and let 6 > 0 be any small enough number so that
0<x—0J<x+J<1. Trivially,

U ({2:6, <t —x| <d5})>0, forall n=1,2, ...

Now note that

"X,
B,(f.x)=Ef(T,), where T,= =1
WS, x)=Ef(T,) a5 A

where X, % G(1,x) and Y, " G(1,1—x) and the two sequences are
mutually independent. (Here G(4, «) stands for the gamma distribution.)
The beta operator reproduces the linear functions. Now note that for any
0 <e<min{x, 1 —x},

P(T,>x+¢) <ZZ>O>

i=1

where Z,=X,(l —x—¢)+ Y,(—x—¢).
Indeed, E(Z,) = —¢ and its mgf equals

I . 1 R 1
¢(0):<1—(1—x—6)9> <1+(x+£)<9> ’ x+£<0<1—x—£'
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By the standard results on large deviations (cf. [5]),

P<Z Zi>0>=P<Z Z,->n(—s+g)>ze"g("*),

i=1 i=1

Direct calculations (simple details omitted) give that

. e .o x V/ 1—x \'7*
0 S (l—x—e)x+e) g0 )_IOg{<x+8> <1—x—e> }

Hence,
n /1 x —eg\"(1—x)
P(Tn>x+s)z{<x+8> < X > }
X 1—x

A similar argument gives that

17 n(l—x) _ nx
P(T,,<x—s)%{<1x+8> <x 8> }
— X X

These two results imply that for any 0 <&, <e¢, small enough,

P(|T,

1, X

_x| >82):0(P(|Tn,x_x| >81))s

and Theorem 1 finishes the proof. ||

5. BLEIMANN, BUTZER, AND HAHN OPERATOR

For any fe C[0, o), the BBH functionals are defined by

. e k n\ . _
Lfix)=(1+x) kgof<n_k+l><k>xk, n=12,...

We can write this as

. . Sn X
Ln(fa X):E‘f(I’l—;S‘l—l)’ Sn'\"B(n» p): p:1+x3
and Y,, Y5, ..., © B(l, p), with S, ~ Y, + Y, + --- + Y,,. Since
L,(t x)—E<S">—x xp"#Xx;
n\% - n—S,,+1 - p s

we use Theorem 1(a) now.
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THEOREM 4. For the BBH operator, if for any fe D(I), L,(f, x) = f(x)
for all n=1 and each x el then f is convex. Furthermore, for any bounded
continuous function f over I, the following statements are equivalent:

(1) fis convex,
(2) L(fix)=L, . (f,x)foralln=1and xel,
3) L(f,ix)=f(x)foralln=1and xel.

Proof. Della Vecchia [4] showed that if a continuous function f is
bounded and convex then (1) implies (2). Hermann [7] showed that
L,(f, x)— f(x) for any f € D(I). Thus, we need only show that, for /'€ D(I),
if L,(f,x)>=f(x) for all n=1 and each xel then f is convex. Let
T,.=8S,/(n+1-S5,),let 6 >0 be a fixed number, and note that

S, S,
P(T,Lx>x+5):P<n-l_l_S>X+5>—P<n—p>8+8">,

n

where

0 xX+0
=) =Troasy " ™ a=ia1

> 0.

Since ¢ is an increasing function of >0, for any fixed ¢6* which is
arbitrarily close to J and 6* > J, we have

S S
P<"—p>s(5*)><P(T,”>x+(5)<P<"—p>8(6)>
n n

for all large values of n. So it will be sufficient for us to evaluate

S 5
p(2n_ L = 0.
(n p>6>’ x40 (1+x)

Once again, the standard results on large deviations can be applied (direct
calculations omitted) to give

PS5 e mexnd —n(—F0 10a(14+2) _1og (LEXE2
n P78\ T s 08 x) B\ 11« :

Similarly,

P(Tnﬂx<x_5):P(Zin_(_p)>6_8n)9
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where

e=¢(d)= 0 € N el and Z_,,z;Sn.

(1+x—0)(1+x) " n(l4+x—0) n

We make sure that 0 <dJ <x so that ¢,>0 for all n. Since &J) is an in-
creasing function of d >0, by picking a 6* arbitrarily close to J and 6* <o
we have

P(Z,~(=p1>a00) | < PT, <x-0) <P (Z,~ (—p)>at6*
for all large values of n. Hence, it will be sufficient for us to evaluate

o 0
It+x—0)l+x)

P<Z_n—(—p)>8>; e=
Again, standard results on large deviations give that

B S — 1 -0
P<Zn—(—p)>8>zexp{_n<l +xi510g <xx5>_l°g <Jlrj—x>>}

The above results give that, for any J, <d, sufficiently small, we can find
ave(0,1) such that

(P(T, . —x>0)"
P(T, —x>0, e

For the BBH operator, b,(x)=L,(t, x) —x =xp". So, to end the proof, we
need only verify that for 0 <c<d,,

n

14

— > 0.
P(T, ., —x>c)

This means that we need to prove that

_xte o <1+C> o <1+X+C>+10 <X><0
l+x+c & X & 1+ x & 1+x )

However, this is easily seen to be true since x + ¢ <1 + x + ¢. This finishes
the proof. |
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6. MEYER-KONIG ZELLER OPERATOR

For feC[0,1] and ve(0, 1), the Meyer-Konig Zeller (MKZ) func-
tionals are defined by

M,(f,v):=(1—p)"+! i <nj€—k><n-]|€—k>vk

k=0

_Ef Vl+l/n+Sn+l)) I’l=1,2,...,

where S, is a negative binomial random variable with parameters n + 1
and 1 —v. Forv=0and v=1, M,(f, v) is taken to equal f(v) for all values
of n.

THEOREM 5. For the MKZ operators, the following statements are equiv-
alent:

(1) fis convex,
(2) M (fiv)=M, (f,x) for each n=1 and each ve[0, 1],
(3) M,(f,v)= f(v) for each n=1 and each ve [0, 1].

Proof. Cheney and Sharma [2] showed that (1) implies (2). A simple
probabilistic proof was given by R. A. Khan [14]. It is trivial that (2)
implies (3). Now we show that (3) implies (1). Since this operator
reproduces constant and linear functions, we need only check the two con-
ditions of Theorem 1. For this let ve (0, 1) be a fixed number. Pick any
0 >0 small enough so that 6 <v(1 —v). Denote by 7, ,=S, . 1/(n+S, 1),
X, =S,/nand u=E(X,) =v/(1 —v). Note that

P(T, ,>v+8)=P(X,, ,—u>e—s,)
where

o) P . (v+9)
T T —v—0) T+ —v—0)

We can select a J* arbitrarily close to ¢ with 6 <J* <wv(1 —v) so that
P(X, 1 —u>e0) < P(T, ,>0+0) < P(X, | —u>e(d*))

for all large values of n. Hence it will be enough for us to find an
approximation of the left term. By the usual results on large deviations we
have

87(n+ 1) g(()*)’

_ )
P<X"“_“>(1—v)(l—v—é))z
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where

o v+0 v+0 _ 1—v >
8(0%) 1—0—51n< y ) leelT 5 )

Similarly, if Z,= —X,, we have

P(Tn,v<v_($):P(Z_n+l_(_:u)>8+£n)
where

0 _ (—9)

e=¢(0)=

Again, it will be sufficient to find a sharp approximation of

_ 1)
P(zﬂ+l<m>(1_0)(l_v+5)>.

And for this we use the usual results on large deviations to get

b
(1—v)(1—0v+9)

P<Z +1—(—,u)> >z€_("+l)h(0*),

where

o—v v 1—v
*) _ -
h(6%) 1—v+5ln<v—5> 1°g<1—u+5>'

These results imply that for any 0 <d, <dJ, sufficiently small,

P(|Tn,l>_v| 252)
P(|Tn,v_v| 261)

—0.

Now Theorem 1 gives the result. |

7. PICARD OPERATOR

I—v)1—0+0) " +D)(l—0v+0)

For any f e D(I) where =R, the Picard operator is defined by

P,,(f,x):gr f(ye "N di=Ef(T, ), n=1,2,..

— o0

>
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where T, . has the above double exponential density. We give one last
application of Theorem 1.

THEOREM 6. For the Picard operator, over the space D(R) the following
are equivalent:

(1) fis convex,
(2) P,(f.x)=f(x) for each xeR and n> 1.

Proof. The Lebesgue dominated convergence theorem implies that
P,(f, x)— f(x) for each x e R and each f'e D(I). This operator reproduces
the linear functions. Since

P(|T, —x|>05)=2e ", n=1,2,..,
for any 0 <J, <d,, we may take v=(J, + ,)/(2d,) <1 to have

(PUT,, .—xI| >52))v:237"(0"+52)/2 — e =2 ).

P(|T, .—x|>d;) 2e "1

Theorem 1 finishes the proof. ||

Remark. 1In the end we should remark that the above results cannot be
extended to multivariate approximation operators of the type discussed
(without either strengthening the assumptions or weakening some conclu-
sions) as one can easily construct positive linear operators L,(f, x, y)
which converge to f(x, y) from above for each (x, y) in a closed convex set
and yet f is not convex.
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